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g-BOREL-LAPLACE SUMMATION FOR g-DIFFERENCE EQUATIONS 

WITH TWO SLOPES. 

THOMAS DREYFUS AND ANTON ELOY 


Abstract. In this paper, we consider linear g-difference systems with coefficients that 
are germs of meromorphic functions, with Newton polygon that has two slopes. Then, 
we explain how to compute similar meromorphic gauge transformations than those ap¬ 
pearing in the work of Bugeaud, using a g-analogue of the Borel-Laplace summation. 
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Introduction 


Let q be a complex number with |(/| > 1, and let us define a q , the dilatation operator 
that sends y(z ) to y(qz). Divergent formal power series may appear as solutions of linear 
(/-difference systems with coefficients in C(z). The simplest example is the (/-Euler equation 

zcr q y + y = z, 

that admits as solution the formal power series with complex coefficients 


i(i+1) 


A+l 


h:=U~ !)V 

uen 

To construct a meromorphic solution of the above equation, we use the Theta function 


@g0) '■= 




*' = IK 1 


q 


-e-u 


)(l + (/- £ - 1 z)(l + (/-^- 1 ), 


-u-u 


which is analytic on C*, vanishes on the discrete (/-spiral —q^ := {— q n , n £ Z}, with simple 
zero, and satisfies 

cr q Q q (z) = z& q (z) = O q . 

For A £ C* we denote by [A] the class of A in C*/q z . Then, for all [A] £ (c*/q z ^j \ {[—1]} 
the following function is solution of the same equation as h and is meromorphic on 
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C* with simple poles on the (/-spiral —Xq 1 : 


h [x] ■= E 


q £ X 


i&L 


1 + q l X 


x 


0 _ 




) 


It is easy to see that it does not depend of the chosen representative A of the class [A], 
More generally, the meromorphic solutions play a major role in Galois theory of (/-difference 
equations, see |Bugl2 IDVRSZ03llRS071IRS091lRSZ131ISau00j . In the usual Picard-Vessiot 
theory, the Galois group of a (/-difference equation with coefficients in C(z) is defined over 
C, but the solutions in the Picard-Vessiot rings involve symbols. On the other hand, 
Praagman in |Pra86) has shown the existence of a fundamental solution for such system, 
that is an invertible solution matrix, with entries that are meromorphic on C*. Applying 
naively the classical Picard-Vessiot theory with those solutions would give a Galois group 
defined on the field of functions invariant under the action of a q , that is, the field of 
meromorphic functions on the torus C */q Z , rather than a group defined on C. Fortunately, 
Sauloy has explained how to recover the Galois group with the meromorphic solutions. 

Let us consider 


(1) a q Y = AY, where A € GL m (C({z})), 

which means that A is an invertible m x m matrix with coefficients that are germs of mero¬ 
morphic functions at z = 0. We are going to assume that the slopes of the Newton polygon 
of © belong to Z. See |RSZ13j . §2.2, for a precise definition. Then, the work of Birkhoff 
and Guenther implies that after an analytic gauge transformation, such system may be 
put into a very simple form, that is in the Birkhoff-Guenther normal form. Moreover, after 
a formal gauge transformation, a system in the Birkhoff-Guenther normal form may be 
put into a diagonal bloc system. Then, the authors of [RSZ13) build a set of meromorphic 
gauge transformations, that make the same transformation as the formal gauge transfor¬ 
mation, with germs of entries, having poles contained in a finite number of (/-spirals of the 
form q z a, with a € C*. Moreover, the germs of meromorphic gauge transformations they 
build are uniquely determined by the set of poles and their multiplicities. 

V. Bugeaud considers the case where the Newton polygon of © has two slopes that 
are not necessarily entire. Analogously to fRSZ13| she builds meromorphic gauge trans¬ 
formations, but this time, the germs of meromorphic entries have poles on q ca - spirals, for 
some d € N*, instead of (/^-spirals. See [BugT2]. 

In the differential case, we also have the existence of formal power series solu¬ 
tions of linear differential equations with coefficients in C({z}), but we may apply 
to them a Borel-Laplace summation, in order to obtain meromorphic solutions. See 
Bali) 1 . IRam85l IMal951 vdPS03 ]. In the (/-difference case, although there are several q- 
analogues of the Borel and Laplace transformations, see |Abd601 IAbd641 lDre!5al IDrelhbl 
IDVZ091 IHah491 IMZ001 IRam921 IRZ021 ITahl41 IZha991 IZhaOOl IZhaOll IZha021 IZha03] , we do 

not know how to compute in general the meromorphic gauge transformations of |B^I2] 
using (/-analogues of the Borel and Laplace transformations. Remark that when © 
has two entire slopes, we are in the framework of [R.SZ13] , and [Drel5aj . Theorem 2.4, 
explains how to compute them with (/-analogues of the Borel and Laplace transformations. 
See Remark 13.31 Although the (/-summation process of |Drel5aj applies for (/-difference 
equations with two slopes in general, the functions obtained have too many poles to be 
optimal. Indeed, if the slopes are 0 and ^ with to, d coprimes numbers, we expect to find 
meromorphic gauge transformations having entries with to q ca spirals of poles of order at 
most one, and those of |Drel5a] have to q z spirals of poles of order at most one. The main 
goal of this paper is to compute Bugeaud’s like meromorphic gauge transformations with 
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a q-Borel-Laplace summation and with a minimal number of poles. 

The paper is organized as follows. In lJT]we introduce the ^-analogues of the Borel and 
Laplace transformations. In 1J21 we give a brief summary of |Bugl2| . The meromorphic 
gauge transformations she builds have (/ cE -spirals of poles of multiplicity at most n, 
for some n £ N*. We prove the existence and the uniqueness of meromorphic gauge 
transformations having g~-spiral of poles of multiplicity at most 1. In we explain 
how to compute the latter meromorphic gauge transformations using a ^-analogue of the 
Borel-Laplace summation. 

Acknowledgments. The authors would like the thank the anonymous referee for 
permitting them to correct a mistake that was originally made in the first version of the 
paper. 


1. Definition of ^-analogues of Borel and Laplace transformations. 

We start with the definition of the g-Borel and the g-Laplace transformations. The 
definition of the g-Borel we use comes from |Drel5aj . Note that when g = 1, we recover 
the g-Borel transformation that was originally introduced in Ra,m92| . The g-Laplace 
we use is slightly different than the transformation defined in |Drel5a| . When q > 1 
is real and q is replaced by q 1 / ,l , we recover the q-Laplace transformation and the 
functional space introduced in [Zha02j . Theorem 1.2.1. Earlier introductions of q-Laplace 
transformations can be found in [Abd60l lAbd64| . Those latter behave differently than our 
g-Laplace transformation, since they involve g-deformations of the exponential, instead of 
the Theta function. 


Throughout the paper, we will say that two analytic functions / and g are equal, if 
there exists U C C, open connected set, such that / and g are analytic on U and are equal 
on U. We fix, once for all, a determination of the logarithm over the Riemann surface of 
the logarithm we call log. If a £ C, and b £ C*, then, we write b a instead of e“ log ^^. One 
has b a+ P = b a bP, for all a,/3 £ C, and all b £ C* Let C[[z]] be the ring of formal power 
series. 


Definition 1.1. Let g £ Q>o- We define the g-Borel transformation of order g as follows 

B,: C[[z\] —> C[[C]] 

f _£(£_ 1 ) p 

I—> }^ a cq C- 

feN £eN 

We are going to make the following abuse of notations. For A £ C*, and n,d positive 
co-prime integers, we denote by [A] the class of A in C */q~. Let Af(C*,0) be the field 
of functions that are meromorphic on some punctured neighborhood of 0 in C*. More 
explicitly, / £ Af(C*,0) if and only if there exists V, an open neighborhood of 0, such 
that / is analytic on V \ {0}. 


Definition 1.2. Let g = ^ £ Q>o with n,d positive co-prime integers and [A] £ C */q » . 

An element / of At (C*, 0) is said to belongs to if there exist e > 0 and a connected 
domain UcC, such that: 


u 0 


£ a 


z - \q 


< £ 


q £ \ 


C D. 


l£ c - 


• The function / can be continued to an analytic function on D with qn -exponential 
growth at infinity, which means that there exist constants L , M > 0, such that for 
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all zGfi: 

|/(z)|<L© m| (MH). 

Note that it does not depend of the chosen representative A. An element / of A4(C*,0) 
is said to belongs to H^, if there exists a finite set EcC */q~, such that for all 
[A] G (c*/q~^J \ E, we have / 6 Hlj^. 

Definition 1.3. Let p = 2 £@>o with n,d positive co-prime integers, [A] G C */q n ■ 
Because of |Drel5aj . Lemma 1.3, the following map, which does not depend of the chosen 
representative A, is well defined and is called g-Laplace transformation of order /r: 


.[A] 


4 


/ 


A4(C*,0) 

E /(<A) 


£6 — Q ^ 

n qn 


For \z\ close to 0, the function (/) ( z ) has poles of order at most 1 that are contained 

dZ dZ 

in the q n -spiral —A q n . 

Remark 1.4. The ^-Laplace we use is slightly different than the transformation defined in 
|Drel5aj . Let /a G Q>o and q' := q 1 ^. The q '-Laplace transformation of order (1,1) of 
|Drel5a| equals to the g-Laplace transformation of order ji of this paper. 

The following lemmas, which give basic properties of the Borel and Laplace transfor¬ 
mations, will be needed in SJ3J For n,d positive co-prime integers, we set a c ^ n := a q d/n. 

Lemma 1.5. Let p, : = with n,d positive co-prime integers, and [A] G C */q « . 

• Let h G C[[z]]. Then, we have B M [zo d J n = C.B^ (fij. 

• Let f G H^. Then, we have zalj' 1 Dft (/) = T.[^ ((f). 

Proof. The first point is given by jPrelhaj . Lemma 1.4. The second point is a consequence 
of [Dr el 5a] , Lemma 1.4, and Remark 11.41 □ 


Remark 1.6. Let h G C[[z]] and / G 


irM 


Iterating n times Lemma 11.51 we find 
_ -[A] 


4 (z n a d q (h)) = q^^C'% (h) and z n a d C [ fi (/) = q~^ 6? (CD- 

Let C {z} be the ring of germs of analytic functions at z = 0. 

Lemma 1.7. Let p : = 2 G Q>o with n , d positive co-prime integers, [A] G C */q » . Let 
f G C {z}. Then, 

• 4(/)g 4 a] . 

. 4 A1 o 4 (/) = /• 

Proof. Let us prove briefly the first point. Let us take / = ^ aiz' G C{z}. It’s easy to 

em 

see that its q-Borel transform is defined and analytic on the whole plan C, so we just have 
to check the ^-exponential growth at infinity. Since / G C{, 2 }, we have the existence of 
L,M >0 such that for all l G N, \af\ < LM £ . We have for all zGC, 

BCD(z)\ < EMM 2n M 

< Lj2M e \q\-^\z\ e 


< ie |j|4 (MN). 
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Let us now prove the second point. Using the expression of Q q , we find that for all 
k G Z, 


0 d 
q n 



k(k — l)d , 

= q 2n Z k Q d (z). 

q n 


Following the definition of the g-Laplace transformation, we obtain that, for all 
[A]GC */qf, 

4 A1 (!) = L 

We claim that for all a G C, i G N, o B^ [az^ = az £ . Let us prove the claim by an 

induction on £. The case t = 0 is a straightforward consequence of B )L (1) = 1, (1) = 1, 

and the C-linearity of the two maps. 

Let £ G N, and assume that for every a G C, we have o B^ ^ az ^ = az £ . Let 
a G C* and let us prove that £$ o B M (^az £+1 ^j = az £+1 . We use Lemma 11.51 to find 
4^ o Bfj, ( az ^ +1 'j = azC$ o B^ (q~d~ z^\ . We use the induction hypothesis to obtain 


aza d J n 6p 

H h 1 


oB, 




^A=aza d ' n (n=£A = 


(^V) 


= az 


i+i 


This proves the claim. To prove the lemma, we remark that B fl (resp. 4"^) is an additive 
morphism between C{z} and El)^ (resp. IHl)^ and Ad(C*,0)). □ 


We finish this section by giving asymptotic properties of the Borel-Laplace summation. 
The definition of g-Gevrey asymptotic is an adaptation of |Drel5aj . Definition 1.8, in this 
setting. 

Definition 1.8. Let // := *| G Q>o with n,d positive co-prime integers, [A] G C */q~, 

f G Wf(C*,0) and / := E faz 1 G C[[z]]. We say that 

ie N 


/ ~L A| f, 


if for all e, R > 0 sufficiently small, there exist L, M >0, such that for all k G N and for 
all z in 

[z G C*||z| <R}\ U {zG C*| | z + q £ x\ < £ \q £ x\ }, 




we have 


/(*) - E 

i =0 


, fc(fc-l) 

< LM k \q\~^~\z\ k . 


For n G Q> 0 , we define the formal (/-Laplace transformation of order fj, as follows: 

4: C[[C]] —► C[[z]] 

E«4 - 


£gn 


}_^aiq zr. 


Using Lemma 11.51 for all l G N, and [A] G C */q n , we obtain 


C, 


(c £ ) = 4 A] (4). 
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Proposition 1.9. Let p := ^ £ Q>o with n,d positive co-prime integers, [A] £ C */q n 
and f £ . Then, we have 

4 A1 (/) 4 A] 4(/)- 

Proof. This is a direct consequence of (Drel5a| , Proposition 1.9, and Remark 11.41 □ 

Corollary 1.10. Let p : = i G Q>o with n,d positive co-prime integers, [A] £ C */q « and 
f £ C[[z]\ with 4 (/) € 4 A] . Then C [ t ? o B 4 (/) /. 


2. Local analytic study of (/-difference systems. 

Let C((^)) be the fraction held of C[[z]]. Let K be a sub-held of C((^)) or A4(C*,0) 
stable under o q and let A,Be GL m (K). The two (/-difference systems, o q Y = AY and 
o q Y = BY are said to be equivalent over K, if there exists P £ GL m (K), called the gauge 
transformation, such that 

B = P[A\ (Tq := ( o q P)AP-\ 

In particular, 

o q Y = AY ^o q ( PY ) = BPY. 

Conversely, if there exist A,B,P £ GL m (K) such that a q Y = AY, a q Z = BZ and 
Z = PY, then 

B = P[A\ at . 

We remind that C({z}) is the held of germs of nreromorphic functions at 2 = 0. Until 
the end of the paper, we hx A £ GL m ^C({z})^. Let p := ^ £ Q>o with n,d positive 
co-prime integers, and a £ C*. We define the d times d companion matrix as follows: 

/ 0 1 \ 


E, 


n,d,a • 


W" 


1 

0 


For the proof of the following result, see |Bugl2| , Theorem 1.18. See also [ vdPR07 ]. 
Corollary 1.6. 


Theorem 2.1. There exist integers n\,..., nk £ Z, d\,, dk, rri\ ,..., rrik £ N*, with 
& < ' " < 4 ’ gcd (rii, di) = 1, E m id% = m, and 


• H e GL m {c((z))), 

• Ci £ GL mi (C), 

• dj £ C*, 

such that A = H [Diag(4 0 E ni ^ ai 



where 


/Cl ® -E'ni,di,ai 

\ 

Diag (Ci® E nudua ^j := 

Ck <8> E nk d k a k ) 


The aim of this paper will be to replace this H by a nreromorphic gauge transformation 
computed with g-Borel-Laplace transformations. 

Assume that k = 2, see Theorem o for the notation, and let n\, n, 2 , d\, d%, a\, a^, Ci, C 2 , 
given by Theorem 12.11 In |Bugl2 |, V. Bugeaud makes the local analytic classihcation of 
(/-difference systems with two slopes. Let us now detail her work. She explains how to 
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reduce to the case where C 2 <S> E n2j d 2 ,a 2 = Ii»that is the identity matrix of size 1 and where 
C\ is a unipotent Jordan bloc. For r > 1 let us write 

(l 1 0 \ 


U r ■ = 


\0 


1 

1 ) 


£ GL r (C), 


the unipotent Jordan bloc of length r. 

Until the end of the paper, we assume that k = 2, C 2 <8> E n2Aa2 = Ii and 

C\ = U r , for some r > 1. 

Note that due to the assumption, we have ^ = 0 and < 0. Let n := —ni £ N*, d := d\, 
fi := ^ € Q>o and a := a\. Note that m-l = dxr. Let us remind that C{z} is the ring 
of germs of analytic functions at z = 0. Using |Bugl2| , Theorem 2.9, we deduce: 

Theorem 2.2. There exist 

n— 1 

• W, column vector of size dr with coefficients in ^ C z v , 


. F € GL m (c({z})), 
such that A = F[B\ aq , where: 


u =0 


B = (E_ nAa ® U r W 


It follows from Theorem m that we have the existence and the uniqueness of 

(’o' f) € GL m (c[[ 2 ]]), 


formal gauge transformation, that satisfies 


B = 


I dr H' 

0 1 , 


Diag {E_ nAa ® U r , 1) 


<Tn 


(n-l)d 

X £ aq 2 q a 


Let us dehne the finite set E C C*/q » , as follows 

E := |[A] € C 

Let AJ(C*) be the field of meromorphic functions on C*. 

Proposition 2.3. Let [A] £ (c*/q~^J \E. There exists a unique matrix 


\ r 11 GQ L 


such that B = 


'idr 


Diag {E- nAa ® U r , 1) , and for all 1 < i < dr, the mero- 


o n 


morphic function of the line number i of the column vector H M, has poles of order at 

dfL _ • I -1 dfL 

most 1 contained in the q « -spiral —A q + q ™ . 


Remark 2.4. In | |Bugl2| , Proposition 3.8, a similar result is shown. In her work, the 
entry number i of the meromorphic gauge transformation has poles of order at most n 
contained in the q dIj - spiral —A q~ l+1 q dIj . It is worth mentioning that our meromorphic 
gauge transformation has the same number of poles, counted with multiplicities, which is 
a crucial property. 
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Proof. Using B = 



Diag(U_ n)dia (g> U r , 1) , we find, 




(2) cT g (A) = {E_ nAa ®U r )H + W. 

Let us write := H and (wi)i=i,:= W. Writing the equations of we 

find for all 1 < i < d, for all 0 < k < r, (we make the convention that hi = 0 for i > dr) 


(3) &qhi-\-kd “1“ ^'i+l+(fc+l)d “h 

And for all 0 < k < r, 


(4) z n a q h kd = ah( k _ 1)d+1 + ah kd+1 + w kd . 

For 1 < i < d, let Hi := (hi +kd ) k= o,..., r -i- With Q and 0, we find that there exist 
W\...., W d G (C[z]) r such that 0 is equivalent to 

z n a d q Hi = aU d Hi + W u and for 1 < i < d, a q H l ^ l = U r Hi + W t . 

Consequently, it is sufficient to prove the existence and the uniqueness of a meromorphic 
vector h\^ G (_A4(C*)) r with entries having poles of order at most 1 contained in the q~- 

dZ 

spiral —Xq n , satisfying 

z n a d H [X] = aU d H [X] + Wi. 

If we put q' := q d , and z' := z n , we hnd that the the case W\ G C [z n ] is an applica¬ 
tion of IRSZ1.3| . Proposition 3.3.1, combined with [RSZ13] . Theorem 6.1.2. Let us write 
Wi = X^=o Wi :K z K with W\_ K G C [z n ] and consider the unique meromorphic solution 
of z n a d H[ X j. = aU d H^j. + W\ with convenient poles. Then h[ X ^ := ^i\ zK is a 

meromorphic solution of z n a d H^ = aU d H + W\ with convenient poles. Let us prove 
the uniqueness. To the contrary, let us assume that there exists another meromorphic 
solution with the same properties for the poles. Then the equation z n a d Y = aU d Y has a 

dZ 

non zero meromorphic solution having poles of order at most 1 contained in the q n -spiral 
—A q~. This contradict the uniqueness in the case W\ G C \z n ], and proves the result. □ 


3. Main result 

Let us keep the notations of the previous section. We now state our main re¬ 
sult. We refer to Ijl] for the definitions of the Borel and Laplace transformations. Let 
[A] G (c*/q—^J \ E. We have seen in the proof of Proposition 12.31 that in order to com¬ 
pute H M =: i ^ it is sufficient to compute H := ^ Let us 

write H = : (hi) , and H\ := (hi +kd ) 

\ / 1=1 ,...,ar \ / k=0,...,r— 1 

Theorem 3.1. We have B^ (Hi) £ and 

h[ x] = cW oB^H,). 

Proof. We remind that we have z n a d H^ = aU d H[ X ^ + W\ for some W\ G (C[^]) r . 

We claim that B^ (^Hi) £ (iHlj^ . We use Remark [TUI to find that 


— d(n— 1) /v 


N 


aUfB^Hq) +4(Wi). 


( 5 ) 


2 
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Using the definition of E, we deduce that for all k € Z, 


— din— 1) j 

\ n q- A 2 ^q Kd ± a. 

This proves our claim. 

With Lemma 11.71 we obtain that £$ o B^(Wi) = W\. Using additionally © and 
Remark 11.61 we find that 

z n a d q (4 A 1 o ^ (#i)) = aU d C^ o ^ (H x ) + Wi. 

Moreover, the entries of o ^4) have poles of order at most 1 contained in the 
g~-spiral —A q~. But we have seen in the proof of Proposition 12.31 that this implies 

h\ x] =^oB,(h x ). 

□ 


Example 3.2. Assume that n = 1, d = 2, r = 1, a = 1, and W = (0,1)*. Then, the first 
entry h of H is solution of 

zcTg (fij =h + z. 


We have 

C4/2 (fy = 4/2 (^) + C) 

which means that 4/2 (hj = ^T' Therefore, for all [A] € ^C*/(/ 2Z ) \ {[1]} , we find that 
H = (fiW, (Tqh^y, where 


m = 


v qlx 

kk ~ 1 


X 



Remark 3.3. In [Drel5a] , Theorem 2.5, the author defines a meromorphic solution with 
another ^-analogues of the Borel and Laplace transformation. When d = 1, the two sums 
obtained are the same. On the other hand when d ^ 1 the solutions defined here have less 
poles than the solutions of [Drelhaj . More precisely, see Theorem EU for the notations, 
assume that k = 2 and ri 2 = 0. Let d\,ni be given by Theorem 12.11 In [Drel5aj . it is 

shown how to build, with another g-Borel and (/-Laplace transformations, meromorphic 

z 

gauge transformations similar to [J2]but with germs of entries having (/UiT-spirals of poles 

di Z 

of order 1. The solutions we compute here have ^huT -spirals of poles of order 1. 
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